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WATER MOVEMENTS IN LAKES 399

APPENDIX. OSCILLATIONS IN A THREE-LAYERED STRATIFIED BASIN¥®
By M. S. LonNcueTr-HiceIns, Trinity College, Cambridge

Consider a rectangular basin of length / and depth % which, in equilibrium, contains three
horizontal layers of fluid of different densities p,, p, and p; and of depths 4,, £, and A;. (The
suffixes 1, 2 and 3 refer to the upper, middle and lower layers respectively.) Let rectangular
co-ordinates (x,y, z) be taken with the origin in the upper surface at one end of the basin,
the x-axis horizontal and the z-axis vertically downwards. The motion will be assumed to
be two-dimensional and independent of the y-co-ordinate.

Since the wave-length of the motion to be considered will be large compared with the
depth, the vertical acceleration may be neglected, so that the pressure equals the hydro-
static pressure. Thus, if {;, {, and {; denote the downward displacement of the upper surfaces
of the three layers from their equilibrium positions, the pressures p;, p, and p, in the three
layers are given by

=28 (z2—8)s :
Pz gp1(h+G— Cl).“!‘gpz(z““kl"‘:z), (A1)
= g1 (b +8—81) +gpa(hyt+Cs—hy— ) +8ps(z—hy— &)
Ifu,, u, and u, denote the horizontal velocities, and if squares of the velocity are neglected,
we have duy _ 1 1dp, duy_ 1 1dp, du3 1dp, A2)
dt ~  pdx’ At pydx’ At pydx’

which shows that u,, u, and u, are independent of z, i.e. that the motion in any vertical plane
is uniform for each layer. Thirdly, by considering the flux of water into any element of
volume we obtain the equations of continuity:

d d d d d d
) = 60 Slhw) =5 G-0), Sha=S (A3
On eliminating p,, p,, ps, %, 4 and u, from equations (A 1,2 and 3) we find
d? o, d? )
de (61—&) =gk a‘x”é [(&—8) + (L —8s) + &l

g—; (Ce— ' =ghy 5 d<2 [/’1 =)+ (6—G) + §3:| s

&= gldxz[”‘ —L) +”1<c2 ~0)+6] |
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< — We seek a simple harmonic motion of wave-length 21r/k and period 27/s; the operators
5 = d?/d#? and d?/dx? are therefore to be replaced by —o¢? and —£? respectively, and we have
= (- H) (6= + (6= 8) + by = 0,

T3 by (G =) + (bt H) (—85) +hals = 0

E 8 2, 21702 2 2753 253 > (A 5)

hs’,j—; (6—t) +h3’,j—§ (G—&) + (hs+H) L5 =0,
where H = —aq?/[gk2. (A 6)

* Some of the following results have been obtained by Makkaweev (1936) and other writers; they are

collected here for convenience of reference.
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400 C. H. MORTIMER
The elimination of ({; —{,), ({,—{;) and {; from (A 5) gives
H
1—1-72—1 1 1
IR =0 A7
P2 hy ’ (A7)
2! o H
P3 ps
which on expansion becomes
H3 -+ H(hy ~+ byt hy)
——H[Iz h (&2— )+h k (&—1)+/z h (é’_l— )]
27%\ps 1 \pg 12 \py
+iz/z/z<’0—1— )(’5’—2—1):0. A8
telts 05 (A8)

Equation (A 8) determines the relation between the period and the wave-length. Since the
left-hand side is a cubic in H, there will be, for a given wave-length, three possible modes of
oscillation which we may denote by the indices (1), (2) and (3). For each value of H®
the ratios of the corresponding displacements {{’, {§ and {§ may be found from equations
(A 5). Thus we have HOUh, 1 HO) b

@ . 0 - £ — O - ). (g +£2) iy po
B = Ol oy ) + HO s Fhop)

The density differences recurring in practice are of the order of one part per thousand.
Thus one solution of (8) will be given very nearly by

HO = —(by-+ by + ),

. ot?
that is, == gh. (A10)

(A9)

This is the ordinary ‘surface’ seiche. From (A 9) we have then
PV 0P = hy+hy+hg hy+hy 2 b, (A11)

showing that the displacements are all in the same sense and are proportional to the height
above the bottom. The two ‘internal’ seiches, in which we are chiefly interested here, are
given by the remaining roots H® and H® of equation (A 5). Since these roots are of the
order of (p,/p;—1) they satisfy the equation

H(hy+ by )
—H[ﬁzhg(%—l)+klh3("§§— )+/z1/z2(l’2—;-—1):|
(81 (1) =0 (a12)

approximately (the term in H3 in equation (A 5) being now negligible). The ratios of the

corresponding displacements are found from (9):
s ‘ Hob b
@)« (@) - 06 — HO < f -+ 17%3
P89 = HO:h Fryhy(pslpg— 1)+ HO(hy+hs)

(A13)
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WATER MOVEMENTS IN LAKES - 401

(i = 2,3) to the same order of approximation. Thus in the two ‘internal’ seiches the dis-
placement of the free surface is very small compared with that of the two interfaces. It will
be convenient to denote the ratio of the other two displacements by f®:

BO = EICY = (hs/HO) (psfpo—1) + (ho/h3+1). (Al4)

Since there is no flow across the vertical walls x = 0, /, / must be a multiple of half a wave-
length; hence

k = nm/l = nk,,
| n/ . nk, ‘ (A15)
o® =k J{—gH®} = nof,
where ky=m/l, of = (nfl) J{—gH®}. (A1e)

In general the motion will consist of the sum of an infinite number of modes whose wave-
length is given by (A 15). If the initial displacement of the free surface is small compared
with that of the two interfaces, the modes of ‘surface’ type (corresponding to H = H®)
will not be excited. Hence we shall have

€1=09 B A )

0 . .
(= Zl cos nkyx(fA AP cos no t+FABRP sin no’ 1)
n=
+ Zl cos nkyx(fO AP cosno® t+-FABY sinno® 1),
n=

(A17)

o0
(= 21 cos nkyx( AP cos nofP t+ BP sin no @ t)
e

[es]
+ 3 cosnky (AP cosnofdt-+ BPsinna),
n— : J

where 4, A®, B2 and B are constants to be determined from the initial conditions.
Suppose that when ¢ = 0 we have

§2 =jé(x)3 §3 =.f3(x)a }

dd, d¢; (A18)

T g2(%), - gs(%)-
Then on writing ¢ = 0 in (A 17), we have
E(FOAP+fOAD) cosnkyx = f),
Z(AD 4 AD) cos nkyx = f3(%),

and Z(noQ FABD +no§ FAOBD) cos nkyx = g,(x) ,}
Z(no BR +nod® BP) cos nkyx = g4(%).

(A19)

(A 20)
By Fourier’s theorem, equation (A 19) can be satisfied provided
1
poAR+ o4~ [ () cos nkyxd,

(A21)
I
AP AP =2 f Fi (%) cos nky xd,

0
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402 C. H. MORTIMER

! 3)
and so AP = ] f ‘][2()2(2) _’Lf ﬂ(sﬁ(x) cos nkyx dx,

y _ 2 (Yalx) —F%5(x)
A%’—jf Jo\%) —P7J5\X)

B 0 cos nkyx dx.

Similarly,

no@BR — f ga(x) —f g5 (%) cos nk, xdx,

FO—pS

(2)
no®BP — f &%) o —# ﬁgf( %) cos nkyxdx.

When the motion starts from rest, it is clear that B and B{ are zero.

The coeflicients 4P, AP, B? and B being found from (A 22) and (A 23), the complete

solution is now given by (A 17).

The horizontal velocities (u,, 4, and u4 for the top, middle and bottom layers respectively)

are found from the equations of continuity (equation (A 3)). These give

o]
hyuy = 2 Ié’ sin nkyx(fPAP sin ne@ t — OB cos no@t)
: © g3 .
+ Zl —ki’— sin nkyx(fOAP sin ne® t—FOBY cos nof ¢),
AR
@ 0—(2)
—hyus = 3 —/—c—sm nkyx (AL sin no{® ¢ — BP cos no{? t)
n=1 g

+ Z -—— sm nkyx(AP sin no§® t— BY cos not),

n—l

In the plane ¥ = 1/, and when the motion initially starts from rest, we have

o (2)
hyu, = g —/CQ— n jnm. fRAP sin no{P ¢
b
2 lsi n {nm . fOAP sin no§ ¢,
© ) '
and —hgug = Zl & sininm. AP sinno ¢
n=

20 . .
+ > kism Inm. AP sin not.
n=1 Y0

u, may be found from equation (A 26) as in the general case.
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